Motivated by the crystal structures of [(CuCl2tachH)3Cl]Cl2 and Ca3Co2O6, we develop a lowenergy effective theory using the bosonization technique for a spin-1/2 frustrated three-leg spin tube with trigonal prism units in two limit cases. The features obtained with the effective theory are numerically elucidated by the density matrix renormalization group method. Three different quantum phases in the ground state of the system, say, one gapped dimerized phase and two distinct gapless phases, are identified, where the two gapless phases are found to have the conformal central charge c = 1 and 3/2, respectively. Spin gaps, spin and dimer correlation functions, and the entanglement entropy are obtained. In particular, it is disclosed that the critical phase with c = 3/2 is the consequence of spin frustrations, which might belong to SU(2) k=2 Wess-Zumino-WittenNovikov universality class, and is induced by the twist term in the bosonized Hamiltonian density.
I. INTRODUCTION
With the discovery of several spin tube materials, such as [(CuCl 2 tachH) 3 Cl]Cl 2 1 , Na 2 V 3 O 7 2 and Cu 2 Cl 4 · D 8 C 4 SO 2 3 , etc., much effort has been made to investigate the low-lying excitations [4] [5] [6] [7] [8] [9] , long range order 10,11 , phase transitions 5, 12 , magnetization plateau [13] [14] [15] and other ground state properties of spin tubes due to the inter-chain frustrated couplings. A spin tube, geometrically, can be seen as a multi-leg spin ladder with periodic condition along the rung direction (See Fig. 1 for the case of three-leg ladders). Therefore, the antiferromagnetic (AF) inter-chain couplings in the odd-leg spin tubes usually give rise to geometrical frustrations. For the typical spin tubes [4] [5] [6] [ Fig. 1 (a) ], the excitation is gapped when the inter-chain couplings are identical, and becomes gapless when the interactions are different to some certain extent from each other. The opening and closing of the gap correspond to a dimerized phase and a critical phase with central charge c = 1, respectively. Recently, a few new spin tubes with more complex interchain couplings 7, 12, 15, 16 [ Fig. 1 (b) and (c))] have attracted much attention, in which frustrated inter-chain couplings could generate twist terms that may lead to unknown quantum phases in the ground state of the system. The twist operator is first found in the effective low energy model of a zigzag spin ladder 17 owing to the frustrated inter-chain couplings. This parity-breaking operator is marginal in the renormalization group (RG) sense and has a conformal spin 1 18 . Currently, the twist operator is believed to be the origin of incommensurate correlations in XXZ zigzag spin ladders 17, [19] [20] [21] [22] . For an isotropic zigzag spin ladder, the twist operator is proposed to cause dimerization 17 in the ferromagnetic inter-chain coupling region. However what role this operator plays in a spin tube is still unclear, which needs a further study.
In this work, by means of the bosonization technique and the density matrix renormalization group (DMRG) method we shall study a frustrated three-leg spin tube comprised of trigonal prism units, which derives from the crystal structures of [(CuCl 2 tachH) 3 Cl]Cl 2 1 and Ca 3 Co 2 O 6 16 , as shown in Fig. 2 (a) , where the AF couplings J 2 and J 3 form helical paths along the tube direction. Such a spin tube can be transformed to an equivalent spin ladder, as shown in Fig. 2 (b) . Owing to the complex zigzag-like inter-chain couplings, the twist operator in the bosonized Hamiltonian should depend on both J 2 and J 3 , where we take the coupling J 1 as an energy scale. Consequently, we only need to adjust J 2 and J 3 to study the effect of the twist term on the properties in the ground state. For the sake of simplicity, we consider the case of spin S = 1/2. Interestingly, we showed that a new critical phase with central charge c = 3 2 appears in this system, which is found in spin tubes for the first time and reveals a novel physical effect of the twist operator. In addition, one dimer phase and one conventional critical phase with central charge c = 1 due to the competition of the AF couplings J 2 and J 3 are also identified in the ground state.
II. BOSONIZATION AND LOW-ENERGY EFFECTIVE THEORY
The Hamiltonian of the present spin tube could be written as where S j is the spin operator on the j th site, L is the total number of sites, and J 1 , J 2 , J 3 > 0 are all AF couplings. In what follows we consider two limit cases: (I) J 2 ≫ J 3 , J 1 , and (II) J 3 ≫ J 2 , J 1 . In the following DMRG calculations J 1 is set to be unity for simplicity.
This case is quite simple. From Fig. 2 , one may note that the system can be regarded as a single spin chain with next nearest and next next nearest neighbor interactions. The Hamiltonian can be written as
where the last two terms can be viewed as perturbations. Following the standard bosonization techniques 23 , in the continuum limit, the Hamiltonian density of Eq. (2) can be written as: 
where J L,R are left or right moving SU(2) current operators representing the smooth magnetization part of spin density operators 24 , v s ∼ J 2 a 0 is the spin velocity with a 0 the lattice constant, and J c >0. Obviously, Eq. (3) has the same form as the Hamiltonian density for a zigzag spin ladder 20 except for the coefficient g of H JJ term. When g>0, the system is in the dimer phase with an energy gap:
It is deserved to mention here that this gap could also survive even for J 1 ≫J 2 ,J 3 , in which the system can be seen as the three free spin chains with intra-chain couplings J 1 perturbed by relevant perturbations generated by the inter-chain couplings J 2 and J 3 , as in the case of spin ladders [24] [25] [26] . Therefore, this case as well falls into the gapped phase. At last, when g<0 it is in the Luttinger liquid phase with central charge c=1. The phase transition between the two phases is of a Kosterlitz-Thouless transition 5, 24 . is the same as the definition of Ref. 17 . The inset is the enlarged part where the RG flows to the strong coupling limit can be seen clearly. ξ is the logarithmic variable in the renormalization group equations.
B. J3 ≫ J2, J1
This case is very interesting. In this situation, the model can be reshaped into a spin ladder structure as shown in Fig. 2 (b) . By treating all inter-chain couplings as perturbations, after the bosonization procedure, the corresponding Hamiltonian density can be written as:
where n i is the staggered part of the spin density operator with the subscript i the leg index, spin velocity v s ∼J 3 a 0 , and J j,L,R is the left or right current operator of the jth leg. The coefficient g LR ∝ −J 3 , and H LR , H JJ and H twist are marginal perturbations with scaling dimension d = 1 17 . H twist is the twist term that is produced by the frustrated inter-chain interactions. As pointed out in Refs. [17, 19] , it arouses a spin nematic phase in the ground state of the XXZ zigzag spin ladder. Its effect on an isotropic Heisenberg model is still not very clear and needs further investigations.
In 
where
), γ is a nonzero constant and
The terms with the coefficient a i stem from H twist and b i from both H LR and H JJ .
Next, we set J 2 < 3J 1 to keep the coefficient of H twist negative that cannot be achieved in a usual zigzag Heisenberg spin ladder. Afterwards, choosing the initial values of a i and b i in the range where J 3 ≫ J 2 , J 1 , we obtain a new solution of the renormalization group equations 17 as shown in Fig. 3 , where the RG flows corresponding to H twist go to the strong coupling regime first, which suggests a new phase may come into being. Recall that for a two-leg zigzag spin ladder, the RG flows corresponding to H JJ go to the strong coupling regime first. In the following we shall examine numerically the results from the low-energy effective theory.
III. SPIN GAP, CORRELATIONS AND ENTANGLEMENT ENTROPY
To substantiate the above bosonization analysis, we use the DMRG method 27 to numerically calculate the spin gap, spin-spin and dimer-dimer correlation functions, as well as entanglement entropy of the model. In the calculations, up to 8000 optimal states are kept, and the truncation errors are of 10 −12 for the ground state and 10 −7 for the excited states.
A. Spin gap Figure 4 (a) is the coupling dependence of the finite-size spin gap at L=180 obtained in open boundary conditions (OBCs). With increasing J 3 for any J 2 , the spin gap has two area with tiny values relatively, between which there is a raised region of spin gap. In Fig. 4(b) , J 3 dependence of spin gap at J 2 =2.0 is shown, where the spin gaps increase to the maximum value in the raised region and decrease slowly with growing J 3 , while those in other regions diminish fast, probably suggesting a gapped spin excitation in the middle region and a gapless excitation in other regimes. As shown in Figs. 4(c) and (d), the spin gaps away from the raised region extrapolate to zero, while those within the raised region go to finite values in the thermodynamic limit, therefore indicating two gapless and one gapped phases. These results are also in accordance with our previous bosonization analysis that the system will be in the gapless phase for J 2 ≫J 3 , J 1 and J 2 , J 1 ≪J 3 , and is gapped in other parameter regimes. Fig. 2(a) , while for J3=6.0, the spins along the leg as indicated in Fig. 2(b) . (b) The spatial dependence of the dimer correlation |D (0,3),(3r,3r+3) | in the three phases. The dimers are supposed along the leg shown in Fig.  2(a) .
B. Spin-spin and dimer-dimer correlation functions
The spin- Fig. 5(b) , |D (0,3),(3r,3r+3) | is shown for the three phases. In both gapless phases, the dimer correlations decay with a power law, which is consistent with the preserved translation symmetry and gapless spin excitations. In the gapped phase, the dimer correlation builds a long-range order (LRO).
C. Entanglement entropy
To distinguish the two gapless phases 28 , we calculated the central charge c from the block entanglement entropy of the system S l =−Trρ l ln ρ l , where ρ l is the reduced density matrix of a subsystem of size l. For a gapless system with periodic boundary conditions (PBCs), the entanglement entropy is given by
where N is the total length of the system, and g PBCs is a nonuniversal constant with PBCs 29 . The central charge is obtained by fitting the entanglement entropy given by Eq. (14) to the DMRG results for the system with L up to 360. As shown in Fig. 6 , in the gapless phase with large J 2 (for instance J 2 =2.0, J 3 =0.1), both results for S l are fitted quite well with c=1, which indicates that this gapless phase belongs to the same universality class as the spin-1 2 Heisenberg AF chain. In the gapless phase with large J 3 like J 2 =0.2, J 3 =7.0, the central charge is identified as c= 3 2 . Therefore, we can label the different phases with its central charge in Fig. 4 (a) , which comprises the phase diagram. As the model preserves the SU(2) symmetry, the transition from the dimer phase to the gapless phase with c= 3 2 might be in the SU(2) k=2 Wess-ZuminoWitten-Novikov (WZWN) universality class 23 . In combination with the bosonization analysis, it is observed that for J 3 ≫J 2 the RG flows of H twist go to the strong coupling regime faster than H JJ that leads to a dimerized phase 17, 24 , and one may judge that such a gapless phase with nontrivial central charge c= 3 2 in the frustrated three-leg Heisenberg spin tube is probably induced by the twist term H twist .
IV. SUMMARY
To summarize, by means of the bosonization technique we develop a low-energy effective theory for the spin-1/2 frustrated three-leg spin tube in two limit cases, and also invoke the DMRG calculations on the spin gap, spin-spin and dimer-dimer correlation functions as well as the entanglement entropy to elucidate the effective analyses. We have discovered a dimer phase and two distinct critical phases in this system. The dimer phase is characterized by the finite spin gap, exponentially decaying spinspin correlations, and a dimer-dimer LRO. The critical phases are found to have gapless spin excitations, powerlaw decaying spin and dimer correlations. The different central charges 1 and 
